arXiv:1503.07544v3 [hep-th] 1 Oct 2015 


Hofava Gravity with Mixed Derivative Terms: 
Power-Counting Renormalizability with Lower Order Dispersions 

Mattia Colombo/ A. Emir Giimriikguoglu/ and Thomas P. Sotiriou^’^ 

^ School of Mathematical Sciences, University of Nottingham, University Park, Nottingham, NG7 2RD, UK 
^ School of Physics and Astronomy, University of Nottingham, University Park, Nottingham, NG7 2RD, UK 

(Dated: October 2, 2015) 

It has been argued that Hofava gravity needs to be extended to include terms that mix spatial and 
time derivatives in order to avoid unacceptable violations of Lorentz invariance in the matter sector. 

In an earlier paper we have shown that including such mixed derivative terms generically leads to 
4th instead of 6th order dispersion relations and this could be (naively) interpreted as a threat 
to renormalizability. We have also argued that power counting renormalizability is not actually 
compromised, but instead the simplest power counting renormalizable model is not unitary. In 
this paper we consider the Lifshitz scalar as a toy theory and we generalize our analysis to include 
higher order operators. We show that models which are power counting renormalizable and unitary 
do exist. Our results suggest the existence of a new class of theories that can be thought of as 
Hofava gravity with mixed derivative terms. 
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I. INTRODUCTION 

The gravity theory proposed by Hofava in Ref. [T] 
has acquired significant attention since its introduction. 
The basic idea is to improve the UV behaviour of the 
theory by modifying the dispersion relations, and hence 
the propagators. This is achieved by introducing a pre¬ 
ferred foliation and constructing the action of the theory 
in such a way so that the ‘kinetic’ terms contain only 
two time derivatives but there are also ‘potential terms’ 
with higher order spatial derivatives. This introduces an 
anisotropic scaling between time and space at high ener¬ 
gies, 

t—x* —)■ , (1) 

where the latin indices span the D dimensional spatial 
directions and [A:] is the momentum dimension. It has 
been argued in Ref. [T] that power counting renormaliz¬ 
ability requires m > D, so in 3 -I- 1 dimensions m has to 
be at least equal to 3 and the dispersion relations would 
be of the type ^ fc® in the UV. 

The existence of a preferred foliation leads to viola¬ 
tions of Lorentz invariance in the gravity sector. One 
of the main challenges that the theory confronts with, 
is the percolation of Lorentz violations at low energy 
into the matter sector, where Lorentz symmetry is very 
stringently constrained (see e.g. m)- If dimension four 
Lorentz violating operators are present in the matter sec¬ 
tor, the propagation speeds of different species of parti¬ 
cles run to the universal value logarithmically, indicating 
a severe hne-tuning problem 011]. Even if such terms 
are absent (or tuned away) and the Lorentz violating 
operators are generated at higher dimensions, the latter 
are heavily constrained from synchrotron radiation in the 
Crab nebula 0 . 

A possible mechanism to suppress the Lorentz viola¬ 
tions in the matter sector was proposed in 0. Lorentz 
violations were restricted to the gravity sector at tree 


level and percolation to the matter sector though gravi¬ 
ton loops was considered. It was shown that the Lorentz- 
violating terms that are generated in the matter sector 
end up being suppressed by powers of where M* 

is the UV scale above which the dispersion relations in 
the gravity sector cease to be relativistic and Mp is the 
Planck scale. Lorentz violation constraints in the gravity 
sector are quite weak as we do not test gravity at energies 
above I0“^eV. Hence, one can choose M* ^ Mp and 
this can push the Lorentz violations in the matter sector 
below the experimental constraints. 

However, the analysis of Ref. 0 also revealed a natu¬ 
ralness problem, stemming from the fact that the vector 
mode propagators are unaffected by the higher dimen¬ 
sional Hofava terms. As a result, the vector loops lead to 
quadratic divergences in the correction to the difference 
of propagation speeds between different matter species. 
The proposed resolution was to add the mixed derivative 
term (see 0^), where AT^ is the extrinsic 

curvature of the leaves of the preferred foliation and is 
the 3-dimensional covariant derivative operator on a leaf. 
Including this term in the action improves the behavior 
of the vector mode. 

This term is not the only operator with two temporal 
and two spatial derivatives that one could add. In Ref. 0 
we considered all possible such terms and we performed 
the complete perturbative analysis of the most general 
extension of Hofava gravity along these lines. The dis¬ 
persion relation of the scalar and tensor modes in the UV 
turned out to be of 4th order, i.e. oc k'^, as opposed to 
the 6th order ones in standard Hofava gravity. One could 
interpret this as a threat to renormalizability, based on 
the standard power counting of Hofava gravity. In fact. 


^ Curiously, mixed derivative terms also emerge in some Hofava— 
like extensions of supersymmetric models [?]• 
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a specific tuning of coefficients that can restore the sixth 
order dispersion relations and that can still provide the 
sought for modification to the vector mode propagator 
does exist, so it is rather tempting to conclude that this 
tuning is necessary. However, as shown in Ref. m, by 
studying the Lifshitz scalar as a toy model, counting rules 
get modified once the mixed-derivative terms are consid¬ 
ered and one can have a renormalizable theory even with 
lower order dispersion relations. Surprisingly, the sim¬ 
plest power counting renormalizable theory of this type 
exhibits relativistic, instead of anisotropic, scaling and 
this, unfortunately, leads to problems with unitarity [S]. 

In this paper, we revisit the Lifshitz scalar with mixed 
derivative terms as a proxy for the behavior of Hofava 
gravity and show that, if a larger number of operators 
is taken into account, models that are power counting 
renormalizable and unitary exist and can have lower or¬ 
der dispersion relations than the standard Lifshitz scalar 
(or standard Hofava gravity). 


dimensions. The standard lore in quantum field theory 
dictates that positive dimensional coupling constants is 
an indication of renormalizability for the corresponding 
interactions. This translates into the condition [5] 

z = m + y>D — y. (8) 

Note that such dimensional arguments have to be treated 
with caution. Indeed, as we will show in Section |lTTj they 
cease being trustworthy once derivative interactions are 
taken into account. We are interested in using the Lif¬ 
shitz scalar as a proxy for understanding the UV prop¬ 
erties of a gravity theory with the same anisotropic scal¬ 
ing properties and derivative structure. Since in gravity 
derivative interactions are inevitable, as a next step we 
include them as well and use a somewhat more robust 
criterion of renormalizability, the superficial degree of di¬ 
vergence. 


II. LIFSHITZ SCALAR WITH MIXED 
DERIVATIVE TERMS 


In order to consider the mixed derivative case, we use, 
following Ref. [3, the Lagrangian 


HI. SUPERFICIAL DEGREE OF DIVERGENCE 
FOR DERIVATIVE INTERACTIONS 

We now consider the free theory in the UV {k ^ 
by choosing the appropriate normalization and 
units in Eq.Q 




/luv = 0(-A)^^-<()(-(9) 


The anisotropic scaling is given in equation (^. The 
dimensions of the coupling constants are related through 


The Green’s function for the Lifshitz scalar can be cal¬ 
culated as 


a = 


[y] = [/3][fc]2(-+y-U. (3) 

Hence, we can rewrite the Lagrangian (§ as 


c = p 


+ ^{-A)y^ - (i){-Ay(j) 


(4) 

where [M] = [fc] and [^] = [fc]°. 

Here, we choose the normalization such that (3 = 1 and 
fix the units such that the last two terms, which are ex¬ 
pected to dominate in the UV, have the same dimensions. 
The latter condition gives the relation 


m = z-y, 


(5) 


which, given a theory with fixed y and z, determines the 
degree of anisotropic scaling. 

Requiring that the action 


S = jdtd^xC, (6) 

be dimensionless, the dimension of the Lifshitz scalar 
turns out to be 

[^] = [kf* = [k]^D-m-2y)/2 _ ( 7 ) 

If the scalar field 4> is dimensionless or has negative di¬ 
mension, i.e. d^ < 0, the coupling constants of (fA in¬ 
teractions with arbitrary positive integer n has positive 


Guj.k — 


jdk'^y 


( 10 ) 


For the momentum cutoff A, each internal line in a Feyn¬ 
man diagram contributes 

Gu,,k = A-2^ (II) 


Due to the anisotropic scaling the energy cutoff A,^ is 
different than the momentum cutoff A and can be ob¬ 
tained through the dispersion relations as = A*". 
Thus, each loop integral contributes 


dud^k A, A^ = A'"+^ = A^+^-y . 


( 12 ) 


We will consider the most general self-interaction term 
given by 


A„t = A(Vr,ar,<^^), (13) 

where A is the coupling constant, while (V^’" , df* ,(p^) is 
shorthand for an s-particle operator that contains Px spa¬ 
tial derivatives, pt temporal derivatives, or p = px+mpt 
weighted derivatives. The dimensions of the coupling 
constant can then be found as 

[A] = [kf^^ = [k]^+'^-P-^‘^'i>. (14) 
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Assuming that all the derivatives in a given vertex arises 
from internal lines, the cutoff dependent contribution 
from each vertex will be = AP“+'"p*. 

In conventional field theory, it is typically sufficient to 
have finite number of interactions that are renormaliz- 
able. However, here we are actually using a scalar field 
theory as a toy theory that will give us some insight 
into the renormalizability properties of Lorentz-violating 
gravity. The perturbative expansion of a gravity theory 
includes infinitely many terms, due to the perturbative 
expansion of the inverse metric. All of these terms would 
have to be renormalizable for the theory to have the de¬ 
sired UV behaviour. Hence, what we need to require is 
that any interaction of the type (13), with s —>■ oo, be 
renormalizable. We purposefully avoid choosing any par¬ 
ticular term from some specific theory as an example, as 
the renormalizability of any such term would not neces¬ 
sarily imply that the (nonlinear) gravitational analogue 
is renormalizable. 

For a diagram with L loops, / internal lines, E external 
lines and V vertices, the superficial degree of divergence 
is calculated as^ 


(5 < L{D + m) — 21{m + y) + Vp. (15) 

Using two well-known identities, stemming from gen¬ 
eral properties of Feynman diagrams 

L-I + V = l, sV = E + 2I, (16) 


we can extract more information from the superficial de¬ 
gree of divergence. To do so we first eliminate L and I 
using (161 to find 


5 < D + m — d(i)E — d\V , 


(17) 


where d^ and d\ are the dimensions of the field and of 
the coupling constant, respectively. 

This result is compatible with the standard intuition 
for power counting renormalizability: provided that d^ > 
0, any interaction with positive dimension coupling con¬ 
stant dx > 0 will lead to a small and finite number or 
zero divergent diagrams, as convergence improves when 
the number of vertices or the number of external lines is 
increased. The condition dx > 0 can then be interpreted 
as an upper bound on s and p, see Eq. ( [I4| ). 

When one wishes to use the Lifshitz scalar as a proxy 
for the behaviour of a gravity theory with the similar 
derivative structure, this standard result is not particu¬ 
larly useful. Gravity theories are highly nonlinear and 
linearization around a given background will generate an 
infinite number of terms with infinite copies of the field, 


^ The assumption that all the momentum contributions at a given 
vertex comes from internal lines is a conservative one. Instead, 
if one imposes shift symmetry <j) (p + c, all the external lines 
(E) would be associated with at least one spatial deriv ative of 
the field, contributing —E to the right-hand side of ||15|. 


albeit the limited number of derivatives in each term. 
Hence, one would wish to have convergent diagrams for 
any value of s. It is clear that this can only be achieved 


if dj, < 0. 


Eq. (17) is not of great use when considering the d^ < 0 
case, as the external lines contribution comes with the 
wrong sign. However, using the identities in Eq. (16) one 
can rewrite Eq. (15) as 


5 <2z + 2d^L-{2z-p)V. (18) 


It is now straightforward to see that, so long as d^ < 0, 
the contribution from the loop either vanishes or each 
loop contributes more negative powers of the cutoff. It is 
the number of vertices, or more specifically the number 
of weighted derivatives in a vertex that really determine 
how divergent the diagram is. For example, for non¬ 
derivative interactions p = 0, we see immediately that 
the degree of divergence is (5 < 0 if < 0, indicat¬ 
ing that (()" are either log divergent or finite [9j. For 
0 < p < 2z the vertices contributions to the degree of di¬ 
vergence are negative, making S bounded from above by 
a finite value. In other words, for the interaction terms 
that have equal or less weighted derivatives than the free 
terms, there is a finite amount of counterterms that can 
remove the divergences. Interaction terms with p > 2z 
will be nonrenormalizable, as at a given loop order one 
can always have diagrams with an arbitrary number of 
vertices. Hence, such terms are not expected to be gen¬ 
erated by radiative corrections. 

To summarize, when derivative interactions are consid¬ 
ered, in addition to (|^, we obtain the second renormal¬ 
izability condition which restricts the allowed number of 
derivatives in a given interaction 


2 z > p = px + mpt ■ (19) 


The maximum number of spatial gradients a renormaliz¬ 
able interaction can have is 


Px,max — , (29) 

while the maximum number of time derivatives we can 
allow is 


ft.max = - = 2 + ^ . (21) 

m m 

We have thus found that the criterion for the renor¬ 
malizability of an interaction term is more related to the 
number of derivatives it contains, rather than its dimen¬ 
sions. For the case where d^ = 0, the two criteria do co¬ 
incide as one can already see using Eq. 0 ; a term with 
a positive coupling constant necessarily contains equal or 
less derivatives than the free theory, thus is expected to 
be renormalizable. However, in the case of d^ < 0, the in¬ 
tuitive description that links renormalizability with the 
dimensions of the coupling constant breaks down. For 
instance, if d^ is negative enough, Vi4> can have nega¬ 
tive dimensions and one can construct interaction terms 
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with an arbitrary number of derivatives while still having 
a positive dimension coupling constant. Nonetheless, as 
we have shown above, the interaction terms with p > 2z 
would not actually be renormalizable. 


IV. RESTRICTIONS FROM PREDICTIVITY 
AND UNITARITY 


The last point made in the previous section, regarding 
the fact that interaction terms with p > 2z are nonrenor- 
malizable even though they have a positive dimension 
coupling constant, touches upon the issue of predictiv- 
ity. If > 0 were a sufficient condition for renormal- 
izabilty for derivative interactions, then radiative correc¬ 
tions would generate infinite counterterms. A similar is¬ 
sue exists for interactions with p < 2z and a large number 
of copies of (j>: so long as (/> has zero or negative dimen¬ 
sions, and for a given number of derivatives, there is an 
infinite number of renormalizable interaction terms with 
ever increasing copies of (j) that do not carry derivatives. 
This has already been pointed out in m for the y = 0 
and z = D theory, but our analysis reveals that it is ac¬ 
tually a quite generic feature for theories with < 0. 
One need not worry about this problem for the Lifshitz 
scalar with no derivative interactions because it is a fi¬ 
nite theory. But once derivative interactions are included 
the existence of infinite potential counterterms poses an 
actual threat for predictivity. A simple solution is to im¬ 
pose some symmetry, e.g. a shift symmetry 0 —)■ </> -I- c, 
thus rendering the number of terms finite m- 

In a gravity theory one expects to have such a symme¬ 
try anyway. In Hofava gravity in particular, symmetry 
under foliation preserving diffeomorphisms (FDiffs) sym¬ 
metry comes to the rescue. Although the expansion of 
the FDiff invariant terms lead to an infinite number of 
terms with ever increasing powers of the metric pertur¬ 
bations, the coefficients of these terms are not actually 
independent and can be expressed in terms of the original 
coupling constant, i.e. the number of coupling constants 
remain finite. 

We can now turn our attention to unitarity. In a the¬ 
ory with derivative interactions one has to make sure that 
threatening terms such as (j)^ will not be generated by 
radiative corrections. The second renormalizability con¬ 
dition (19) implies that the total number of time deriva¬ 


tives a term can have is given by (21), which can be 


larger than 2 if j/ > 0. In fact, the simplest example with 
y = 1, m = 1 studied in Ref. [8] allows for dangerous 
terms with 4 time derivatives and is thus nonunitary. As 
Eq. (§ indicates, the value of m can be increased by in¬ 
cluding gradient terms with higher z in the free theory. 
According to Eq. (21), in order to avoid the unitarity 


breaking terms for y > 0, it is sufficient to require 


m > y. 


( 22 ) 


Let us collect all of the conditions we have derived so 



FIG. 1: For D = 3, the allowed region for the scaling expo¬ 
nent and mixed derivatives. The region above (including) the 
solid blue line corresponds to the region where the renormaliz¬ 
ability condition ([^ holds. The region above (excluding) the 
dotted red line corresponds to the region wh ere higher order 
time derivative terms are not generated (221. The combined 
allowed region is the darkest region. 


far. For the theory 

c = +A (vf, dr , r) , (23) 

the power counting renormalizability and unitarity re¬ 
quirements lead to 


2 

= 

m + y, 

m 

> 

D-2y, 

2z 

> 

p^ + mpt , 

m 

> 

y- 


For y = 0, z = TO and the standard renormalizability 
condition of Hofava gravity is recovered 

z>D, (25) 

along with the trivially satisfied condition to > 0. 

For D — 3 and y = 1, we obtain 

Z = TO-|-1, TO>1, (26) 

where the last condition forbids relativistic scaling on the 
grounds of unitarity. 

In Fig. we show the allowed (to, y) region in D — 3. 
For a given mixed derivative term with arbitrary spatial 
derivatives, one can always satisfy the power counting 
renormalizability and the unitarity conditions, provided 
that enough powers of gradient terms are included in the 
free action. 
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V. DISCUSSION 


To summarize, we have revisited the power counting 
arguments for a Lifshitz scalar with mixed derivative 
terms. We have gone beyond the analysis of Ref. i by 
considering the full class of theories with mixed deriva¬ 
tive terms. Our results suggest that the addition of mixed 
derivative terms to the standard Lifshitz scalar can lead 
to theories that are power counting renormalizable and 
unitary, even though their dispersion relations and scal¬ 
ing properties are different than the standard Lifshitz 
scalar. We have identified the precise conditions, see 


Eq. (24), that define the subclass of theories with these 


characteristics. 

As discussed in the introduction, mixed derivative 
terms have been used in the context of Hofava gravity 
in order to regulate divergencies in vector mode loop in¬ 
tegrals. These divergencies would otherwise introduce a 
naturalness problem in the suppression of Lorentz vio¬ 
lations in the matter sector [B]. As shown in Ref. [5], 
when all mixed derivative terms are consistently taken 
into account, the dispersion relations generically become 
4th order. One could tune the coefficients in order to re¬ 
cover the 6th order dispersion relations (while still having 
the sought for modification to the vector mode propaga¬ 
tor). However, to the extent that the Lifshitz scalar is a 
good proxy for Hofava gravity, our results suggest that 
such tuning is not actually necessary. In 3 -I- 1 dimen¬ 
sions, in particular a theory with y = 1, z = 3, i.e. stan¬ 


dard Hofava gravity with terms that are 6th order in 
spatial derivatives, supplemented with mixed derivative 
term with two temporal and two spatial derivatives, is 
both power counting renormalizable and unitary, even 
though it has anisotropic index m = 2 and 4th order 
dispersion relations. 

We close with a note of caution: even though in all 
of the theories with mixed derivatives terms, the behav¬ 
ior of the vector mode gets modified, the dispersion re¬ 
lations for the scalar and tensor modes are not neces¬ 
sarily of sixth order. The analysis of Ref. [B] regarding 
the suppression of Lorentz violations in the matter sec¬ 
tor assumed sixth order dispersion relations, so it is not 
straightforward to conclude that its results would be ap¬ 
plicable to theories with a different anisotropic index. 
One would have to revisit the problem in order to reach 
a final conclusion. 
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